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Open Quasi-Free Systems
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We compute the time evolution of an infinitely extended, open, quasi-free
system in the weak coupling limit followed by the thermodynamic limit, and
we derive the Onsager relations and the properties of entropy production.
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1. INTRODUCTION

The aim of this work is the rigorous study of some microscopic models for
the irreversible time evolution and the thermodynamic behavior of a large,
open quantum system. Spohn and Lebowitz’ have studied finite systems
weakly coupled to several thermal reservoirs at different temperatures, and
derived the Onsager relations for the heat flows, the positivity and convexity
of the entropy production, and the principle of minimal entropy production
in the regime of linear thermodynamics. For infinite systems, a similar study
would be extremely difficult in general. Therefore, as usual, we turn for some
insight to the quasi-free case. We consider first a spatially confined, quasi-free
system and adapt Davies’ techniques‘®® to study its evolution in the limit of
weak coupling to several reservoirs. Then we take the thermodynamic limit in
the case in which the reduced evolution is translationally invariant. To obtain
this, we are compelled to use couplings which are themselves translationally
invariant, so that the system is in contact with all the reservoirs at each point in
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space in the same way. The time evolution of local observables and the
stationary states are computed explicitly. We also discuss a model in which
the coupling is not translationally invariant and the points of contact between
system and reservoirs move to infinity in the thermodynamic limit. Then, in
order to see the effect of the reservoirs on the evolution of the local observ-
ables, one must scale the time proportionally to the size of the system.

For a class of quasi-free states determined by functions of the one-particle
Hamiltonian, we are able to compute explicitly the relevant thermodynamic
quantities (heat and matter flows, entropy production) and their densities in
the thermodynamic limit, and find that all results obtained by Spohn and
Lebowitz in the linear approximation are also valid here. Moreover, as already
remarked, we find the exact expression of the stationary nonequilibrium state,
which is determined by the initial states of the reservoirs and by the relative
strengths of the couplings. It is not a thermal state corresponding to some
intermediate temperature. Irreversible time evolutions leading to temperature
equalization have been obtained by Fannes and Rocca.® However, they are
not derived from an underlying Hamiltonian evolution. We also remark that
in the treatment of Ref. 4 both systems in contact are infinitely extended at the
beginning, and therefore have “comparable macroscopic sizes.” Instead, in
our approach, the “smallness” of the open macroscopic system as compared
to the size of the reservoirs is ensured by taking the thermodynamic limit after
the limit of weak coupling has been performed on the finite system.®®

1n the boson case, it should be possible, in principle, to include condensa-
tion in the initial state of the system or of the reservoirs. However, due to the
technical difficulties, we do not have complete proofs for this situation. If a
system is coupled to a reservoir in a condensed (i.e., nonprimary) state, its
reduced dynamics cannot be expected to become Markovian, even in the weak
coupling limit. When the initial state of the system shows condensation, and
the initial states of the reservoirs do not, the density of the condensate should
at most decrease in time. However, in the most obvious model that one can
think of (an ideal Bose gas coupled to ideal Bose gases) there is no effective
coupling at zero energy: hence the density of the condensate remains constant,
and there is no phase transition induced by the dynamics (in contrast to the
models of Hepp and Lieb™ and of Martin®®).

The structure of the paper is as follows. In Sections 2-5 we deal with
boson systems and translationally invariant couplings. Section 2 is a summary
of some properties of the completely positive, quasi-free maps on the CCR
algebra. Section 3 is an extension of Davies’ techniques to deal with the weak
coupling limit in the presence of several reservoirs at different temperatures.
In Section 4 we study the thermodynamic limit, and give some arguments
concerning the possible evolution of the condensed phase. In Section 5 we
derive the Onsager relations for the heat and matter flows and the properties of
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entropy production. Finally, in Section 6 we sketch how the preceding results
can be obtained also in the fermion case, and we discuss a lattice system for
which the coupling to the reservoirs is not translationally invariant.

2. PRELIMINARIES

We give here a brief summary, without proofs, of those parts of the
theory of quasi-free, completely positive maps on the CCR algebra that are
relevant to this work.®1® Let 2# be a complex Hilbert space. A representa-
tion of the canonical commutation relations (CCR) over 5 is a map A —
W(h) of o into the unitary operators on a Hilbert space 54 satisfying

W(hW ') = Wh + k) explzih, 1)) (2.1)

for all 4, A’ in 2, By Slawny’s theorem, all representations of the CCR over
a given Hilbert space 5# generate isomorphic C*-algebras. So we can speak
of the CCR algebra over &, and denote it by W(s#). A state on W () is
completely determined by its values on the Weyl operators W(h), he 5#. A
state w is called continuous if the map % — w(W(h)) is continuous. If Bis a
positive bounded operator on 7, let wy be the (continuous) state defined by

wg(W(h)) = exp[—1(h, [1 + 2B]A)] (2.2)

This class of states is a subclass of the quasi-free states. If U is a unitary
operator on %, the map «y on W(s#) defined by

ag(W(h) = W(Uh) 2.3)

is a *-automorphism of W(3#). Corresponding to each state wp and each
contraction T on 5 there is a completely positive, identity-preserving map
@, r on W(h) satisfying ®?

D (W(h) = W(Thw(W[(1 — T*T)'?h]) (2.4)

In particular, when T is a projection, (2.4) is a conditional expectation. If
{T:; t > 0} is a contraction semigroup commuting with B, then {®; ,; ¢ > 0}
is a semigroup, wg is a stationary state for it, and lim,_ ,w(®@p  (W(R))) =
wgz(W(h)) for all 4 in 2 and for all continuous states w on W{(+#) if and only
if T, converges strongly to zero as f — 00.®:19:13 In the cases we shall be con-
sidering, T, will be of the form exp(Kt), where K is a bounded operator and
G = —K — K* = 0. In this case, (2.4) can be rewritten as

Dy, (W(h) = W(T}h) exp[—%f ds (Tsh, (1 + 2B)GTsh)] (2.5)
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More generally, if C is a bounded operator satisfying G < C < «G for some
positive o, then {®,; ¢ > 0} with

O(W(H) = W(T,h) exp[—% f : ds (T, CTSh)] 2.6)

is a completely positive semigroup*®-12 of which (2.5) is a special case, with
C= (1 +2B)G. If B,,j=1,..,r, are positive bounded operators, K, are
bounded operators with G; = —K; — K;* 2 0, T/ = exp(K;?), [B;, K;] =0
for all j, then @, defined by (2.6) with T}, = exp(3]j_,K;t) and C = >}_,
(1 + 2B))G; satisfies

Go@ma)|_ = 5 La@nwen| e

for all 4 in o and for all continuous states w on W(#).

3. WEAK COUPLING LIMIT

Here we study the reduced dynamics of a spatially confined boson system
S coupled to several boson reservoirs R; at different temperatures in the inter-
action picture and in the limit of weak coupling. The case of one reservoir
has been treated by Davies in Ref. 2. We use Davies’ technique ® on the test
function space. Let o = H#, D H#, @D H#, be a (separable) Hilbert
space, and denote by P, the projection of 5# onto &, j =0, 1,..., r. Let
H, j=0,1,...,r, be self-adjoint operators in 5, V; bounded operators
from 54, into £, j = 1,...,r,and V = J}_, ¥, For all A€ [0, A,) define

Ul = exp(iZ,1), Zy=Hy+H + -+ H + AXV+ V¥

3.1
The system S is described by the algebra of observables W(s£;) with free
evolution determined by the one-particle Hamiltonian H, according to
W{h) — W(exp(iHyt) h). The algebra of observables of the jth reservoir is
W (s£,) with free evolution given by W(h) — W (exp(iH,t) &) and the coupled
dynamics of the system plus reservoirs is given by W(h) — W(UMh), he .
Since S is spatially confined, we assume:

(A) H, has a pure point spectrum.

We also need the following technical condition:

¢3)) J:O dt | VULV exists.
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In order to recover for the reduced dynamics of S the ordinary interaction
picture, we have to study the limit as A — 0 of X}, s € 54, where

Xt = PoUpeU% 02 (3.2)
instead of the limit of YA,

Y = ULyn2PoUlye
as in Ref. 3.

Lemma 3.1 (compare Ref. 3). Assuming that conditions (A) and (B)
hold, let

K=-—Zfdw”W&Vﬂm@ (3.3)
k JO

where the E, are the spectral projections of H, corresponding to distinct
eigenvalues ¢, and let 7} be the contraction semigroup on 5 with generator
K. Then

}\ing[] X — T =0 3.4

for all 4 in 5, uniformly on bounded intervals in .

Proof. In Ref. 3 it is shown that lim, .| ¥;*4 — T;4] = 0. Since X;* =
U2 Y AUC 2 and T, commutes with Ug,2, we have
[X:*h — Th| = | YU yazh — U24sTih|
= (Y} — THU peh]
Then, by Davies’ result, (3.4) holds for those 4 that are eigenvectors of H,. By
condition (A), the finite linear combinations of such eigenvectors are dense in

H#,. Then (3.4) holds for all % in 4%, since | X;* — T,| < 2 for all ¢ and for
all A,

Remark. Note that K has the form K = >7_,K;, where K is given by
(3.3) replacing ¥ by ¥V;. We shall use the notation G, for — K; — K*.

Corollary 3.2. Let {#,} be a complete orthonormal set (c.0.n.s.) in 54,
let f;, be vectors in 5#; such that

(ﬁm, Utofjn) = aijsmngj(t) ELl([R) (35)
and let

Vi=Dfn®hby  J=1l..,r (3.6)

Then, each V; is bounded [||V;|? = g;(0)], condition (B) is satisfied, and
Lemma (3.1) yields

K= Zl K, = ,21 [—J;m dt g,(t) exp(—iHot)] (3.7)

independently of the particular c.o.n.s. chosen.
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We now specify the reference states of the reservoirs to be quasi-free
states wp, on W(#)), j = 1,..., r, where the following holds:

(C) B; = b(H,), the b, being positive, continuous functions vanishing
at infinity.

For instance, if the spectrum of each H; is [0,0), the functions b; can be
taken to be of the form

bie) = {exp[flc — w)] — 1371 fore >0 (8> 0,4, < 0) (38)

and suitably continued to the negative half-axis. Then, the reduced dynamics
on W (), in the interaction picture, is given by

(DB].e"‘QBr,PoaUt’;;\za Uo_g/)\z[ W(h)]

1 T
= W exp{ =} 3 BB, L+ 2BIRUBU I} (5S)
=1

We show that this tends to a dynamical semigroup of the form (2.6) in the
weak coupling limit.

Theorem 3.3. Under assumptions (A)—(C), for all continuous states w
on W () and for all 4 in £,

E\I_I’I(l) w((DBl@...eB,,poa Uha®ul th[W(]’l)])

= w(W(T:h)) exp{-—% ,-Z f: ds (Teh, {1 + 2b,-(Ho)]Gsth)}
(3.10)
uniformly on bounded intervals in ¢.
Proof. For all continuous states w on W(#;) and for all A in
lim w(W(X ")) = «(W(T:h)
uniformly on bounded intervals in ¢, by Lemma 3.1. To complete the proof,
we show that

;\in}) (PiUbaeU% ya2h, [1 + 2B,1P;Ujja2U2 4ya2h)
t
- J ds (T,h, 11 + 2b,(H)IG,T ) G.11)
4]

uniformly on bounded intervals in ¢, for all 4 in & and for allj = 1,..., r.
Since all the relevant operators are bounded uniformly in A and uniformly on
bounded intervals in ¢, it suffices to prove (3.11) when 4 is a finite linear
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combination of eigenvectors of H,. Let ¢, e; be eigenvectors of H, corre-
sponding to the eigenvalues ¢,, €, respectively. We must prove that the
expression

e 6’)/7\2(}):‘ Ulheew, [1 + 2B;]P; U}, ze) (3.12)

tends, as A — 0, uniformly on bounded intervals in ¢, to the expression

H
8e,.[1 + 2b,(e)] f ds (Tyer, G,Toer) (.13)
1]

First of all we show that the difference between (3.12) and the expression

eit(Ek—El)/Az[l + zbj(fk)llzbj(él)llz](})jU(.) t/)\2 Ug};\zek, PjUEt/;\ZUt)};\2el)
(3.12)
vanishes as A — 0, uniformly in . Indeed,
Bj?P; = b(H;)'°P; = b(Z,)"'*P; = P;b(Z,)'"?

and

HbAZ)" 2, Uhaal]l < 26(Z0)2 — bAZ))*?[ -0  as A—0
since b,(Z,)*'? commutes with U},2 and Z, tends to Z, in the norm resolvent
sense (use, e.g., Theorem IV.3.11 of Ref. 14 and Theorem VIII.20 of Ref. 15).
Finally, b,(Z,)'%e, = b(¢,)*%¢, and U%;,z2 is a unitary operator commuting
with P,. Using

tiA2

U2, n2Uliz = 1 + iA ds US(V + V*USA

0

recalling that P{V + V*) = P,V, = P,V,V,, and performing some change
of variables in the integration, we find that the scalar product in (3.12) is given
by

t (¢ —s)A2
[as[ 7 aulWneres V702V, Uie)
0 0
+ (VXU LV, Ul2ey, Ulnz, 1 u€)]
t t—5)/A2
~[as[ T (e U VULV, U Vi)

0 0

+ (U(—’ (s/iAD -u Vj* Uuo V,- Us(;,\"’ Ys)\eka YsA+ )\zuel)]

Now define functions F;'(s, u) by

- 2 A 0
G O ST Ug(s/)\z) VULV U Y e)
FM¥s, u) = for u < (¢ — s5)/22

0 for u > (t — 5)/3?
(3.19
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Then, (3.12") can be written as
t @
[ds [ dw ety 4 2by (e b (e 1A s ) + P, )
0 0

Since Y, ,2, and Y, tend strongly to T as A — 0, and all the operators
involved in (3.14) are bounded by 1, uniformly in A, ¢, s, and u, the limit as
A0 of FY'(s, u) is

Fu(s, u) = (Tyey, U V*UCV,Tee) forall s [0, 1), ue]l0, )

Now, recalling the explicit expression of K, we see that (3.13) is the limit as
A—0 of

t @
fﬁjWﬂ”mﬁwu+mwwmwmm@m+m@m
° (3.13)

[when ¢, # ¢, the limit as A — 0 of (3.13") can be shown to vanish by an
integration by parts]. Thus

lim|(3.12) — (3.13)|
= lim|(3.12") — (3.13")

£ ©
< Hm 1 + 2b,()2b,(e) /2] f ds f du
A—0 0 0

x {|Fx4s, u) — Fuls, w)] + |F)s, w) — Fuls, w)[}
(3.15)

The integrand in (3.15) is bounded by the integrable function 4|V, *U,°V,]|;
hence, by the dominated convergence theorem, the limit (3.15) is zero.
Uniformness of convergence on bounded intervals in ¢ clearly holds. This
proves the theorem.

Comment. 1t is clear from the discussion at the end of Section 2 that,
loosely speaking, the dynamical semigroup obtained in the weak coupling
limit has a generator which is the sum of the generators for the dynamics that
would have been obtained by coupling the system to the jth reservoir alone,
j=1,.,r (for a precise discussion of the meaning of *“generator” of a
quasi-free dynamical semigroup on the CCR algebra see Ref. 12).

A stationary state for this dynamical semigroup is

Wg, = lim wg © D,

t— w0

where

Ba = f AT*S Gb(HOT, (3.16)
0 i=1
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With a coupling described as in Corollary 3.2, B, is given simply by

B, =b(Hy) =B
b = [ilgn(e)]— Z 896, 3.17)
where
0= areg ) G.19)

is a nonnegative continuous function vanishing at infinity, for allj = 1,..., r,
and O, is of the type @5 . When the functions b; describe thermal states, wy
isnota thermal state at some intermediate temperature and chemical potential;
rather, its two-point functions are a sort of weighted average of the two-point
functions of the thermal states corresponding to thermal equilibrium with
each reservoir separately.

4. THERMODYNAMIC LIMIT

Let {5} be a directed net of Hilbert spaces, indexed by an‘increasing
family {A} of bounded regions of space (R or Z*) whose union is the whole
space, and let 2# be the completion of |_J, ##,. The algebra of observables for
the system confined in the region A is W(5£,). Notice that the norm closure
of |, W(5#,) is properly contained in W(s#). Concerning the dynamics, we
shall make the following assumption:

(D) For all A there is a self-adjoint operator H, in 5%, with pure point
spectrum, and there exists a dense domain 2 in 2 such that (i) each
h e Zis in the domain of H, for large enough A; (i) forall h e &,
lim, . Hyh = Hh exists; (iii) H is essentially self-adjoint on 2.

For all A it is possible to derive a dynamical semigroup @* of W(#,) by
coupling the system to suitable reservoirs with an interaction A(V, + V,*)
and taking the weak coupling limit, as in Theorem 3.3. In general, ®,2 will
depend on A both through ¥, and H,, and this can in principle give rise to a
complicated structure, for which the limit A » co cannot be easily taken. So
we make a simplifying assumption on V,:

(B) V, = 25..VA, where r is independent of j, V;* is of the form
(3.6}, and the functions g, of (3.5) are independent of A.
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Under assumption (E), the semigroup ®,* of Theorem 3.3 is of the form

A = Dy, 18 “.1n
where

B, = b(H,) [6 defined by Eq. (3.17)] 4.2)

T = exp(Kat),  Ka= — > f dt g (1) exp(—iHyt)  (43)
i=1J0

Then we have the following result.

Theorem 4.1. Let B, = b(H,) and T;* = exp[k(H,)t], where b(-) and
k(-) are continuous bounded functions, independent of A, with 5 > 0
—k — k > 0. Assume that (D) holds and let

B = b(H), T, = explk(H)t] 4.4)
Then
lim (@, 1 (W) = (s, (W (B) @.5)

uniformly on bounded intervals in ¢, for all £ in |, 5, and for all states that
can be extended to continuous states on W(s#F).

Proof. 1t is clear from formula (2.4) that it suffices to prove that 7,2
converges strongly to T; and that [l — (T}A)*T:*]B, converges weakly to
(1 — T;*T))B, uniformly on bounded intervals in ¢. By assumption (D) and
Corollary VIII.1.6 of Ref. 14, H, converges to H in the strong resolvent sense.
Hence, by Theorem VIIL.20 of Ref. 15, B, converges strongly to B and
[l — k(H,)]™ ' converges strongly to [l — k(H)]~. Thus, by Theorem
I1X.2.16 of Ref. 14, T;A converges strongly to T, uniformly on bounded inter-
vals in z. The same holds for [1 — (T}*)*T*].

As an example, we consider the ideal Bose gas.® Let A denote a bounded
region of R3, let #, = L%(A), and let A, be one of the self-adjoint extensions
of the Laplacian on C,*(A). Define the local Hamiltonian H, as —3A,; H
has pure point spectrum, with eigenvalues ¢,* and eigenvectors e, (k =
1,2,...; * 2 e_1). Assumption (D) is satisfied with 2 = C,*(R®) =
Ua Co®(A). The algebra of observables for an ideal Bose gas confined in the
box A is W(#,), and the free dynamics is given by oeypum,,. We couple this
system to several thermal reservoirs, which are assumed to be infinitely
extended ideal Bose gases, in quasi-free states determined by functions

bi(e) = [exp e — p) — 1177 for €e[0, c0) (4.6)

with 8, > 0, 4; < 0, j = 1,..., r. Choose the coupling to satisfy (E). Then
(4.1)-(4.3) hold and Theorem 4.1 can be applied to study the thermodynamic
limit A 7 co.
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However, we remark that continuous states on W(L*R?®)) are not ex-
haustive of the states of interest. To see this, it suffices to consider the limit as
A oo of the grand canonical state

W s Qé\,u = [exp IB(HA - I-LA,B,p) - 1]_1

keeping the inverse temperature 8 and the mean density p fixed.*® This limit

defines a state on {J, W(s#,). However, only when p is less than the critical
density for condensation p < p, = (2af)"¥2> 2 ,n=%2 can this state be
extended to a continuous (quasi-free) state on W(L*(R?)), of the form

Wy 4 05,0 = [exp B(H — pp,,) — 1172, g, <1

On the other hand, when p > p,, the limit state is given by

wg, (W(h) = exp[—%|h|* — 12, ,(h, )]
where

2, (b, h) = (p — po)|el (0)]2A(0)|2 + (h, [exp(BH) — 117 h)
4.7

e?' being the eigenvector corresponding to the lowest eigenvalue for H, in a
region A! of unit volume; see Ref. 16 for the details. The maximal domain
of the quadratic form (4.7) is LY(R®) M LAR®). If p < p,, Q4 , converges
weakly to @, ,. Furthermore,

Lim wop (Do rA(W ) = oy (Pr,r(W(R)

(combine weak converge of Q% , to Q, , with strong convergence of T} to
T,). When p = p,, we conjecture that

lim woff‘.p(q)BA.TeA( W(h)))

ASfw

= wg, (Pp r(W(h)))
exp[—1[A]* — 3(p = po)|et (O)[*|TA(0)|?
— 3(Toh, [exp(BH) — 117 Tph) + 3(h, (1 — TFT)b(H)h)]

at least when /4 is in &(R®) and all functions g; are C*, so that also T4 is in
S (R3). However, we have been unable to give a proof of this (surprisingly
enough, the unbounded operator part (&, [exp(BH) — 1]-*h) gives more
trouble than the singular part, proportional to |A(0)|2). If the conjecture is
true, then the density of the condensed phase at time ¢ is given by

ot = (o — 50 exp[—; 0]
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Because of our technical assumption that the functions g; are in L', and since
0 is a boundary point of the support g, §,(0) actually vanishes, so that the
zero-energy mode is decoupled from the reservoir and does not evolve.

5. ONSAGER RELATIONS AND ENTROPY PRODUCTION

In this section, we discuss for our model of an ideal Bose gas those non-
equilibrium thermodynamic properties (Onsager relations, positivity of
entropy production, principle of minimal entropy production in the linear
regime) that were studied by Spohn and Lebowitz'® for N-level systems. We
shall only consider quasi-free states wg, where Q is a function of the Hamil-
tonian, and dynamical semigroups ®; r, as specified in Eqgs. (4.1)-(4.5). The
time evolution of wg = wy,, OT wy, is given by (we drop for the moment the
subscript A)

wean © o1, = wetaan (5.1a)
where

0@ = {exo| - 3, a6t + {1 - exp| - 3 a0 oo
(5.1b)

The evolution of w,, when the system is coupled only to the reservoirs of
jth type is [Ty = exp(K;?)]
oy © Pp,1p = Waitan (5.22)
where
q,(e) = {exp[—&/()1Dq(e) — {1 — exp[—g,()t]}b(e) (5.2b)
Let also §'(e) = dg¥(e)/dt, 4,(e) = dg,}(e)/dt. Then

§'=0) = Zci?:"(e) = Zg‘j(enbj(e) =40 -3)

We must require some conditions on the function ¢, which ensure that the
quantities we compute are finite in finite volume, and that their densities tend
to finite expressions in the thermodynamic limit. In finite volume, the mean
energy, the mean particle number, and the entropy for a state wq are given,
respectively, by

wo(Hy) = tr QH, (5.4a)

(A, is the second quantization of H,),
we(Ny) =tr Q -~ (5.4b)
(N, is the number operator, i.e., the second quantization of 14,), and 718
S(we) = tr[(1 + Q)log(l + Q) — Qlog Q] (5.4¢)

In order to control the infinite-volume limit, we use a theorem of Ref. 17 for
the trace of functions of the Laplacian.
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Theorem 5.1.97 Let /2 R* — R be a bounded, eventually decreasing,
differentiable function, with /" in LL(R*). Then tr f(—A,) exists for some
region A if and only if J J(x?) d®x exists. If this holds, then also

tim A1 (-8, = [ £ 767 5.5

where {A} is an increasing family of bounded regions containing the origin,
of the form A, = {x e R®: L~*xe A}, L > 1, and |A] is the volume of A.
The Laplacian A, is defined with Dirichlet boundary conditions or with
boundary conditions é4/én + (a/L)h = 0, where a € R and ¢/0n is the direc-
tional derivative in the direction of the outward normal » to the boundary
OA;.

In order to apply the above theorem, and to ensure the finiteness of the
expressions (5.4a)-(5.4c) at all times under the evolution given by (5.1) and
(5.2), we need the following conditions on the function g.

(F) gqis positive, bounded, and bounded away from zero in any bounded
subset of R* ; ¢ is differentiable and ¢’ is in LL (R*); the functions
g(e), eq{e), and —b,(e) logg{e)(j = 1,...,r), where b; is given by
(4.6), are eventually decreasing; the following integrals exist:
O fPaG)d, G foG2)d, (i) - [g(2) logg(x?) dx,
(@iv) —fbj(xz) logg(x®) d®x (j = 1,...,r).

Moreover, we have to assume that the functions g; (j = 1,..., r) are differ-
entiable, with bounded derivative, and eventually decreasing. Remark that
all the functions b; satisfy (F). By Theorem 5.1, conditions (i)-(iv) imply their
finite-volume counterparts: (i’) e q(e®) < o0, etc. ; this therefore ensures
the finiteness of (5.4a)-(5.4¢c) in finite volume. The function b given by (3.17)
satisfies (i)—(iv), as well as their finite-volume counterparts, and if g satisfies
(i)—(iv), also ¢! and ¢, satisfy (i)—(iv) and their finite-volume counterparts for
all ¢+ = 0. Indeed,

q+b>qt>e—rtq
where
¥ = maxsup é4(e) (5.6)
€

[0 < y < o0, since the functions g {¢) are positive and continuous, and vanish
at 0 and co]. From the first inequality, it follows that (i) and (ii) for ¢ imply
(1) and (ii) for ¢, g;*. From the second inequality, we have

~logg; < yt — logg
so that (ii) and (iii) for ¢ imply (iii) for g%, ¢,* [and similarly for (iv)].
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Lemma 5.2. The heat and matter flows coming into the system in the
state wy,, from the reservoirs of jth type are given, respectively, by

d -
JH(q(Hy) = P ijt(HA)(HA)|t=O

= Zl "8 (e™) b« — qlex)] (5.72)
and *

d
JM(q(Hy)) = 7 wq,‘(HA)(NA)[t=o

= é:l gex™b(e®) — ()] (5.7b)

Proof. We prove (5.7a), the argument leading to (5.7b) being the same.
By Eq. (5.4a) and assumption (F(i)), wgtx o(H}) is finite at all times, and is
given by the convergent series >q-i€.°¢;'(e,”). Consider the series >,
€24 (e,*) obtained by differentiation term by term. We have ¢|g,/(¢)] <
yee'[q(e) + b(e)] for ¢ < 1, where y is given by (5.6), so that the series under
consideration is majorized by a convergent series which is independent of ¢.
Hence, it converges uniformly in ¢ and differentiation term by term of
> 1e2qii(e™) is permissible. The result is (5.7a).

Then, the entropy flowing per unit time into the system from the reservoirs
of jth type is given by

JXq(Hy) = BT (q(Ha)) — Biei " (q(Hy)) (5.8)
and the thermodynamic forces conjugated to H and N are
7 =8 —Bo S = —Bini+ Botro (5.9

where S, and u, are some intermediate inverse temperature and chemical
potential. Let {a} = {e,%,..., % &V, )"} = (Broeers Brs —Bibasere, —Brlts)
and let {e,} be the 2r-tuple obtained by setting all 8; = B, and u; = p,. Let
also x,f = ¢ and x,7 = 1 for all k.

Theorem 5.3. The Onsager relations for the heat and matter flows in
the stationary state wyy,, hold. Indeed, letting
°

L;’}"({a}) = W'Itm(b(HA))s m,n = Ha N, l’] = 19---5 r
(5.10)
we have
mncr ) - 2 BN o eXDBo(e — po)]
L) = k=1 T=18i(ex®) i X {exp[Bo(ex® — mo)] — 1}?
(5.11)

which is manifestly symmetric under the interchanges i < j and m = n.
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Proof. Replacing b for g in expressions (5.7a) and (5.7b) for the J;™, we
get

m — mgt(slc )gj(ek ) (e AY (e A
J™Mb(H ) Z Z Xk Zl (e [bi(ex®) — by(e™] (5.12)

which converges by Lemma 5.2. Treat 8; and S,u, as independent variables. If

we differentiate (5.12) term by term, and then put {«} = {«,}, we obtain (5.11),

so that we only have to prove that the series of the derivatives is uniformly

convergent in a neighborhood of {«,}. For 8; > B,/2 and —pu,; > 0 we have
(efse=19 — )71 < (efsf — 1)1 < (eBoc/2 — 1)~

and for 8, > Bo/2 and —p; > —ue/2 we have

eByle~uyp . 1 + 1
(efse=r — 1)2 T oebemnp efste=n) — 1,

1 1
s ebocl2 — ] (1 + e Botolt — 1)

Moreover, since all g are positive,

_ 89800 _ 6098
0<%é@ S & <

and the series

& 1 1
X" X" 1+ ]
2, G B D = [ exp(—Botiol4) — 1
converges. This proves the theorem.

As in Ref. 1, we define the entropy production o(q(H,)) as the source
term in the entropy balance equation

& S HD o = Z TFqUH) + o(q(Hy) (5.13)

~
where g* is given by (5.1b), J¥ is given by (5.8), and the expression for
S(g*(H,)), obtained upon inserting g* in (5.4¢c), is
S(g'(HY) = D {1 + g'(e™]1ogll + g%(e)] — g'(ex®) log g¥(e)}
k=1

(5.14)
which is finite by assumptions (F(ii)) and (F(iii)).

Theorem 5.4. The entropy production o(q(H,)) is given by
o(q(H) = 2, Z gebAe?) ~ ()]
=17

x {log[1 + g(&™)] — log g(ex?) — Blex® — up)}
(5.15)
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It is positive and convex as a function of g. The state w,_,, of minimal
entropy production is characterized by the condition

r 40 _ g ) O = a0 | _
2, g"(e’[l"g P 0 S SR o +qm(e>]] 0
(5.16)

for all € = ¢,*. The stationary state wy,, does not satisfy (5.16) unless all
temperatures and chemical potentials coincide. If 8, and yu, are some inter-
mediate temperature and chemical potential, ¢,, and b coincide in the linear
approximation in B; — B, and B;u; — Bopo-

Proof. In order to establish the validity of the expression (5.15), which is
obtained by differentiating (5.14) term by term and subtracting the entropy
flows (5.8), we must prove the uniform convergence of the series of the
derivatives, which is

—kzl {§(ex") log g'(ex™) — §'(ex®) log[l + q*(ex™)]}

Now ¢ < g+ b and ¢° < y(g + b) for ¢t = 0. Also, —loggi(e) < —y —
log q(e) for ¢ € [0, 1]. Therefore, by (F(ii)-(iv)) the series converges uniformly.
The convexity of the function

q—d(q) = §[b — qllog[(l +¢)/q] (¢>0; ¢,b>0)
is shown by computing its second derivative, which is
glg + b(1 + 29))/g*(1 + ¢)*1 2 0

Thus, for 0 < « < 1, we have (compare Ref. 19) é(eg + (1 — )b) < ao(q)
since §(b) = 0. Hence

0 <d(q) — a™'(eq + (1 —x)b)

I+q L +eg+ (1 —a)p
PR By g

=glb — q][log
In the limit « —> 0,

g[b—q][log1 T4 og ! +b] >0

q b
Now B,(e — p,) = log{[l + b,(e))/b,(¢)}. Thus, each summand of (5.15) is
positive and convex as a function of ¢. In order to minimize (5.15), we can
therefore minimize each summand independently, differentiating with respect
to g. Direct computation leads to condition (5.16). This is not satisfied by the
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function b, which gives the stationary state: insertion of (3.17) into the L.h.s.
of (5.16) gives

o 1+ b(e) 1 4 b4e)

JZ; gj(e) [log b(E) - IOg b;-(E) j‘
which is not zero unless all inverse temperatures and chemical potentials are
the same. However, b and ¢, can be regarded as functions of {e} = (B4,...,
B.; —PBitise-s —Britr) and expanded about {«,}. The zeroth-order term is
{exp[Bole — me)] — 1} for both. A straightforward computation yields also

ePole— 1y

527 (@ =te = — [z; él(e)] &(9x7() m

8 .
= anb(e) (o} = (@Yo j=1,..,r, n=H N

(5.17)
where x%(e) = € and x¥(¢) = 1; thus the principle of minimal entropy pro-
duction holds in the linear approximation.

In the limit of large volume, the heat and matter flows and the entropy
production grow with |A|. So we divide by |A| and take the limit |A| — o,
obtaining heat flow densities J,7(q(H)), matter ﬁow densities J,¥(q(H)), and
entropy production density 5(q(H)).

Theorem 5.5. For the infinite, open Bose gas, we have

JH(q(H)) :f% (’;)g,-(’;) [b]-(%z) - q(%q)} (5.18a)

g = [ a(5)[m(5) - ol5)] (180

saom = 5 [ 6(5)|2(5) - ()]
o)) ) ()]

(5.19)
The heat and matter flow densities in the stationary state satisfy the Onsager
relations. The entropy production density is positive and convex, and the
principle of minimal entropy production in the stationary state holds in the
linear approximation.

Proof (sketch). All expressions |A|" ™ gH)) (= 1,..,r; n=H,

N) and |A|~te(q(H,)) are of the form [A| ™ tr f(— A,), where [ satisfies the
hypotheses of Theorem 5.1, or is the difference of functions satisfying the
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hypotheses of Theorem 5.1, by assumption (F). Then, recalling Egs. (5.5),
(5.7a), (5.7b), and (5.15), we find the expressions (5.18a), (5.18b), and (5.19).
The Onsager relations for the heat and matter flow densities (5.18) follow
from the same argument as in the finite-volume case. Positivity and convexity
of (5.19) are obvious. Its minimization by a standard variational method leads
to condition (5.16) for all € > 0. Then proceed as in Theorem 5.4.

Remark. Suppose that the functions gi(e) and ¢,{¢) are eventually de-
creasing for ¢ in some neighborhood of zero (this would be trivially true if all
the functions g, were of compact support). Then we might obtain (5.18) by
first taking the infinite-volume limit of | A| ‘1wqj_:(HA)(I-[ ») (same for N,) using
Theorem 5.1, and then differentiating the resulting expression under the
integral sign (the estimates needed for the justification of this are the same as
in Lemma 5.2). Similarly, the limit as A 7 oo of |A|~1S(g'(H,)) would
be(17)

f%{[l . qt(l’;)] log[l + qt(%z)} - qt(piz) logqt(%z)}(s'zo)

This is also the entropy density for the infinite-volume state, as defined and
computed in Ref. 18. Again, (5.20) can be differentiated with respect to ¢
under the integral sign, with the same estimates as in Theorem 5.4. When the
entropy flow densities are subtracted, we obtain (5.19) again.

6. FERMIONS

Here we sketch how the foregoing discussion can be adapted to treat
fermion systems, described by the CAR algebra, by using the results of Refs.
20, 21, and 4.

A representation of the canonical anticommutation relations (CAR) over
a (complex) Hilbert space ## is a conjugate-linear map 4 — a(h) of 5 into the
bounded operators on a Hilbert space 5, satisfying

a(ha(h’) + a(hNa(h) = 0 (6.1a)

a(a(h* + a(h)*a(h) = (h, A')1 (6.1b)

for all 4, &' in . We use the notation a(#)# for a(h) or a(h)*, when no distinc-
tion is needed. The CAR algebra over 5#, denoted by A(+#), is the (unique
up to isomorphism) C*-algebra generated by a(h)#, h € 5. The map &+ a(h)
is automatically continuous, so we need not introduce ““continuous states’ as

a particular class of states. If B is a positive contraction on 5%, we denote by
wyg the state on A(5#) given by

wg(a(k,)* - ak)*ahy) - a(hn)) = Sn,n deti(h, Bk;)} (6.2)
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Such states are the quasi-free gauge-invariant states. For any unitary operator
U on #, the map «y on A(#) defined by

wpa(h)f = a(UR)* (6.3)

extends to a *-automorphism of A(s#). Corresponding to each state wy and
each contraction T on ## there is a completely positive, identity-preserving
map Py on A(SF) satisfying

@, rla(h)? - a(h,)t]
= 2 x(P)a(Thi)* - a(Th;, Yws(a(Dhy, , ) - a(Dh,)H)  (6.4)

where D = (1 — T*T)2, and where the summation is taken over all
partitions p of {l,..., n} into two sets {i1,..., in} and {in11,..., in} With i; <
e < iy and ip.y < < I, and x(p) is the parity of the permutation
{1,...,n}+=>{i,..., in}. When T is a projection, then (6.4) is a conditional ex-
pectation. Due to the structure (6.2) of the states wj, a map satisfying (6.4)
is determined by its action on monomials a(h)*a(h’). If T, = exp(Kr) is a con-
traction semigroup commuting with B, then @, is a completely positive,
strongly continuous semigroup satisfying

Oy 1 lalh)*a(h)] = a(Th)*a(Th') + j t ds (T h', BGT:h) 6.5

where G = — K — K*. More generally, if C is a positive bounded operator
on 5%, with C < G, then there is a completely positive, strongly continuous
semigroup @, on A(H#), satisfying®

O [alh)*a(h)] = a(Th)*a(TH) + f s (T, CTh) (6.6)

If B, j = 1,...,r, are positive contractions, T,/ = exp(K;?) are contraction
semigroups with bounded generators, [B;, K;] = 0 for all j, then ®, defined
by (6.6), with T; = exp(Z}-1K;t), C = 2%_,B;G, satisfies

4 0o - alh))e-s

= 3 2 Oyl P 6.7

Dynamical semigroups of the form (6.6) have a stationary state wg_, where
B, = f :’ ds T*CT, (B, = Bfor ®g, 1) and all states approach B, under the
action of @, as ¢ — co if and only if T, converges strongly to zero as t — o0.

The maps on the CAR algebra introduced here are the exact counterpart
of the maps on the CCR algebra introduced in Section 2. It is straightforward
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to adapt to them the proofs of Sections 3 and 4. Remark, however, that in the
CAR case one can prove convergence in the norm of the CAR algebra, and
that A(U, ) = Ua 4(£,). Also, the thermodynamic properties of the
open Fermi gas coupled to several reservoirs can be discussed and proved
exactly as in Section 5, with the replacement of (4.6) by

be) = {explBile — p)] + 1371, B; >0, meR (6.8)
and of (5.4¢c) by©@2

S(wg) = tr[(Q — 1) log(l — Q) — Qlog Q] (6.9)

Therefore, it would be pointless to repeat the arguments here. Instead, we
take a simple model system (a one-dimensional lattice system with nearest
neighbor interactions) and briefly study the situation that occurs when the
simplifying assumption (E) on the coupling is dispensed with and different
sites are coupled to reservoirs at different temperatures. Let A be a finite
subset of N, A ={l,...,2N}, |A] = 2N. Let &, = C'Al gpanned by the
vectors

8,, neA; 8,(m) = 8.,

and let the one-particle Hamiltonian be

Hy = Z [Sn & S_n - %Sn & 8—n+1 - %S_rwl & 8n] (610)

neA

with periodic boundary conditions. The eigenvalues of H, are

eP =1 —cos b, &M =2akj|Al, k=0,.,]|A|2

(6.11)
and the corresponding normalized eigenvectors are
c? [eo®(m) = |A|~*2 for all m]
ey st [ex(m) = (2] A)*2 cos(Fy m)
5(m) = (2/| A])2 sin(82m) 6.12)
k=1,.]A]2-1]
cfarsz [efaye(m) = [A]=2(—=1)™]

In the thermodynamic limit, 5# = | J, 5, = 2, and H, converges strongly
to a bounded operator H on /? given by

o) = 3 [ 57 ¢t — cos B)fm)

This is essentially the fermion version of the X—¥ model.®*2% The reservoirs
can be taken to be infinitely extended lattice systems of the same type or
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other quasi-free Fermi systems if desired. Let each site be coupled to its own
reservoir with a coupling

neA
(frru Ut?/{n) = 8mngn(t) ELI(R)
Let also the reference state of each reservoir be determined by a function
b,(H), with

where

ba(e) = (&% + 1)1 6.14)

The resulting structure for K, is very complicated. It becomes simple when
only the sites n = [A]/2 and n = |A| are coupled to a reservoir. Indeed, for
such sites &, is orthogonal to all functions s,2. Let us refer to the site |A[/2
(respectively |A[) as the ““left” (respectively “right”) end of the chain (due
to the periodic boundary conditions, the sites 1 and | A| are nearest neighbors)
and label by an index / (respectively r) the quantities referring to it. With the
use of Lemma 3.1 we find

|Al/2 poo
m=ﬁMj;LwWWMMMm+wn
x (2 — Sk,o - 3k,;A|/2)C;cA @ &t (6-15)

Now K, commutes with H,, but it is not a function of it. It annihilates the
linear span of {s;}, so that the stationary state is not uniquely determined:
for any operator B, of the form

A g Mbi(er) + e Ibile)
B, = B + glk,‘lk S )Orl<x
A A ,2:0 &™) + glex®)
where B,° is an arbitrary, positive contraction on lin{s,*}, the state w, is a

stationary state for the dynamical semigroup ®,4, and ®,* can be written as
@y, 1. In particular, we can choose B, as b(H,), where

A QRED  (6.16)

8d)bile) + )b, (e)
M) =0+ 449 @17
Hence, the local structure of the coupling does not lead to a local structure of
the stationary state. The heat flow coming into the system in the stationary
state from the left reservoir is given by [compare (5.7a)]

lAl/2

J(B,) = IAl—l Z (2 = Ok0 — Sk,lAl/z)ka
k=0
x Eilex™E (")
Sule®) + &ler®)
and the heat flow from the right reservoir is
J{(By) = —J(By) (6.18")

(bi(ex”) — brlex™)] (6.18)
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So we can regard J,(B,) as the steady heat flow through the chain. Note that
the result is not affected by the arbitrariness (6.16) in B,. The Onsager
relations for the heat flows Jy(B,) and J,(B,) are manifestly true. The entropy

production is given by
[Al/2

o(g(Hy) = > |A|™? 2 2 = 8i0 ~ Span2)éie)

x ,[bj(ekA) — g(ex)Klogll — g(e®)] — logg(ex™) — Bier}
(6.19)

Its properties follow from Ref. 1, since the system has a finite number of levels
before the thermodynamic limit.

Theorem 6.1. The stationary state wy,,, the steady heat flows (6.18)
and (6.18"), and the entropy production (6.19) converge in the limit A 7 oo
to

Wp = Wy

_ (P g S(E) _
HB) = | T ) 2 ey D) — b (6.20)

JAB) = —J(B) (6.20)
AqU) = 3 [ 2 e > )]
x {logll — q(«(®)] - logg(e(®) — Ae®}  (621)

respectively, where
€@ =1 — cosd (6.22)

for all continuous functions g with 0 < g(e) < 1 Ve &[0, 2]. On the other
hand,

lim @p, 72 =1 (6.23)
AA@
and
11\1;12 o © Poarthy = @y © Vo1, (6.24)

for all continuous functions ¢ with 0 < ¢ < 1, where
T,=epkn, K= [ dt[s() + )] exp(~ifr) P°
0 .

P¢ denoting the projection onto the functions in /2 whose Fourier transform
in L%0, 27) is even under the interchange ¢ — 27 — . The state w, ¢, of
minimal entropy production is characterized by the condition

) L= _ 5 . 5O —au® | _
j:z,,,g"“)[“’g e B O = qm(e‘n] 0

and coincides with the stationary state w, g, to first order in the temperature
difference Bt — B L.
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Proof. Since H, converges strongly to H, and all H, and H are bounded,
also b(H,) converges strongly to b(H). Thus wyy (a(h)? - a(h,)?) converges
to wpan(a(h)? - a(h,)?) for all hy,..., h,. The expressions (6.20) and (6.21)
are the limits of (6.18) and (6.19), respectively, since 2| A| "1 Y IA2 (1 — cos §,2)
is a Riemann sum for

fﬂ d?&f(l — cos &)

for all continuous functions f, and the two terms in (6.18) and (6.19) corre-
sponding to & = 0, |A|/2 do not contribute in the limit A » co. We show
that | K,|| tends to zero as A » co. Let

M = sup f dt e~ g(1) + g(n)]| <
€ 0

Ra= <2101 [ i [0) + £,0) exp(~iH0)

and let P,° denote the projection of &£, onto lin{c,*}. Then

IKall < [|Pa°RaPal|) + 1Ky — Pp*RaPs%|

<R + 1A S [ defexp(—ieDlg0) + £(0)]

k=0,1Al/2 YO
x (e @ &Ml
< 3M|A|?
To prove the second part of the theorem, it suffices to show that
w-ll\im JUH)PL® = f(H)P* (6.25)
A®©
for all continuous, bounded functions f. It is enough to consider the matrix

elements of (6.25) between vectors 8, and 6, for all m, n. We have

(8, f(HA)PA8,) (Bns c™Mei®, 8)f(ex™)

i

1AL

=
(=1

1A)/2
= |A[72 > (2 = 8i0 — Bk, 1ap2) COS(Pm) cos(9, ) f(e,)
k=0

= f: %ﬂi cos(dm) cos(dn) f(e(9))
= (8, f(H)PS,)

(the two terms corresponding to k = 0, |A|/2 are unimportant in the limit).
The properties of entropy production are shown as in Theorems 5.4 and 5.5.
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Comments. In this model, the heat flows and the entropy production
remain finite in the thermodynamic limit, since the coupling ¥, to the reser-
voirs acts only at two sites. Since the temperature gradient 2|A| (8 —
B, 1) vanishes as A 7 oo, the system is a heat superconductor in the sense of
Ref. 25. The reason is that there is no friction mechanism inside the chain,
as in the harmonic crystals considered in Ref. 25. On the other hand, the
effect that the coupling to the reservoirs has on the time evolution of local
observables does vanish in the thermodynamic limit [compare (6.23)]:
indeed, the effect of V, is averaged all over the chain by the free evolution, so
that K, is of order 2| A|~*. In order to see the effects of the coupling on local
observables, one must wait for increasingly longer time intervals as the size
of the chain increases [compare (6.24)]. Finally, we remark that the above
discussion can be repeated with no essential modifications for any quasi-free
Bose or Fermi lattice system with translationally invariant, finite-range
interaction.
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